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We ﬁnd inﬁnite families of elliptic curves over quartic number
ﬁelds with torsion group Z/NZ with N = 20,24. We prove that
for each elliptic curve Et in the constructed families, the Galois
group Gal(L/Q) is isomorphic to the Dihedral group D4 of order 8
for the Galois closure L of K over Q, where K is the deﬁning ﬁeld
of (Et , Qt) and Qt is a point of Et of order N . We also notice that
the plane model for the modular curve X1(24) found in Jeon et al.
(2011) [1] is in the optimal form, which was the missing case in
Sutherland’s work (Sutherland, 2012 [12]).
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1. Introduction
There has been some development on characterization of groups which appear as torsion groups of
elliptic curves over rational number ﬁelds [9], quadratic number ﬁelds [5,6,11], cubic number ﬁelds [2,
4,10], and quartic number ﬁelds [1,3]. In particular, for the quartic case, in [3] they determined which
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and E varies over all elliptic curves over K . They proved that all the group structures occurring
inﬁnitely often as torsion groups E(K )tors are exactly the following 38 types:
Z/N1Z, N1 = 1–18,20,21,22,24,
Z/2Z⊕Z/2N2Z, N2 = 1–9,
Z/3Z⊕Z/3N3Z, N3 = 1–3,
Z/4Z⊕Z/4N4Z, N4 = 1–2,
Z/5Z⊕Z/5Z,
Z/6Z⊕Z/6Z. (1)
The result in [3] heavily depends on the classiﬁcation of tetragonal modular curves X1(N) (re-
spectively, X1(M,N) with M|N) which are moduli spaces of elliptic curves with N-torsion points
(respectively, pairs of M-torsion and N-torsion points). A tetragonal curve is a curve having a map to
the projective line P1 of degree 4. A smooth projective curve X over an algebraically closed ﬁeld is
called d-gonal if there exists a ﬁnite morphism f : X → P1 of degree d. Also, the smallest possible d
is called the gonality of the curve X and we denote it by Gon(X).
Recently, we [1] constructed inﬁnite families of elliptic curves with each torsion structure in Eq. (1)
over quartic number ﬁelds. Regarding all the cyclic torsion group cases, we used the deﬁning models
for X1(N) for ﬁnding inﬁnite families of elliptic curves with the prescribed cyclic torsion by ﬁnd-
ing inﬁnitely many quartic points on modular curves X1(N). If we ﬁnd a plane model fN (x, y) = 0
of X1(N) of which one of the variables has degree 4, then it is easy to ﬁnd inﬁnitely many quar-
tic points on modular curves X1(N). Comparing with cyclic torsion group structures over quadratic
number ﬁelds, new ones appearing over quartic number ﬁelds are Z/NZ with N = 17,20,21,22,24.
Sutherland [12] attempted to ﬁnd a plane model fN (x, y) = 0 of X1(N) which minimizes the de-
gree d of one of its variables. Noting that Gon(X1(20)) = 3 (refer to [4]) and Gon(X1(N)) = 4 with
N = 17,21,22,24 (refer to [3]), for the cases N = 17,20,21,22, he succeeded in ﬁnding plane mod-
els fN (x, y) = 0 such that the degree in y of fN (x, y) is equal to Gon(X1(N)). We used Sutherland’s
plane models for N = 17,21,22 and our model for N = 20 (since his model has only degree 3 in y).
Since Sutherland’s model for X1(24) is not in optimal form (that is, the one with the minimal
degree in one of its variables), we resolved this case by a different approach as follows. Since X1(12)
is a rational curve, it contains inﬁnitely many Q-rational points (E, P ). For each (E, P ), we proved
that there exists a point (E, Q ) in X1(24) deﬁned over a quartic number ﬁeld with 2Q = P , which
we call the 2-divisibility method. We therefore found the family of elliptic curves in this case of cyclic
torsion Z/24Z in [1].
For the family of elliptic curves deﬁned over quartic number ﬁelds K obtained in [1], we observe
that there is a difference between the case N = 24 and the other cases N = 17,20,21,22 in terms of
the Galois group structures of the Galois closure L of K over Q. That is to say, when we make a spot
check of the Galois group structures of L over Q, while for the cases N = 17,20,21,22 the Galois
groups Gal(L/Q) are isomorphic to the symmetric group S4, we have the Galois group Gal(L/Q)
isomorphic to the Dihedral group D4 of order 8 for the case N = 24. We are interested in why there
is such a difference between the Galois group structures for these two cases, and this is a motivation
of this paper.
In Section 3, we ﬁnd inﬁnite families of elliptic curves over quartic number ﬁelds with torsion
group Z/NZ with N = 20,24 by applying the 2-divisibility method explained as above. In fact, for
N = 24 case, the family of elliptic curves we ﬁnd is a slight modiﬁcation of the family found in [1].
We also notice that the plane model for the modular curve X1(24) found in [1] is in the optimal form,
which was the missing case in Sutherland’s work [12]. In Section 4, we prove that for each elliptic
curve Et in the constructed families, the Galois group Gal(L/Q) is isomorphic to the Dihedral group
D4 of order 8 for the Galois closure L of K over Q, where K is the deﬁning ﬁeld of (Et , Qt) and Qt
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(Et , Qt) for simplicity. We also present the diagram of all intermediate ﬁelds for L over Q.
We brieﬂy explain why our 2-divisibility method applied to N = 20 and 24 cannot be used for
the rest of the cases N = 17,21,22 as follows. For the cases N = 17 and 21, we cannot apply the
2-divisibility method since they are odd, and for the case N = 22, X1(11) has only ﬁnitely many
Q-rational points.
2. Preliminaries
The general normal form of the cubic deﬁning an elliptic curve passing through P = (0,0) is the
following:
E: y2 + a1xy + a3 y = x3 + a2x2 + a4x.
From the calculation of the derivative y′ in the relation
(2y + a1x+ a3)y′ = 3x2 + 2a2x+ a4 − a1 y
we see that the slope of the tangent line at P is a4/a3 on E , so E is not singular at P if and only if
a3 = 0 or a4 = 0.
Assume that E is nonsingular. Then P is of order 2 if and only if a3 = 0 (and therefore a4 = 0), i.e.,
E has the following equation:
y2 + a1xy = x3 + a2x2 + a4x.
If a3 = 0, then by the admissible change of variables
(x, y) → (X, Y + a−13 a4X),
the curve E becomes
Y 2 + (a1 + 2a−13 a4)XY + a3Y = X3 + (a2 − a1a−13 a4 − a−23 a24)X2,
which can be rewritten as
E ′: y2 + a1xy + a3 y = x3 + a2x2.
We have
−P = (0,−a3), 2P = (−a2,a1a2 − a3)
by the chord-tangent method [7, Chapter III], thus 3P = O (O denotes the point at inﬁnity) if and
only if −P = 2P , which implies that P is of order 3 if and only if a2 = 0. Assume that P is not of
order 2 or 3, that is, a2 = 0 and a3 = 0. Under the change of coordinates
(x, y) → (X/u2, Y /u3) with u = a−13 a2,
and letting b = −a−23 a32 and c = 1− a−13 a1a2, we obtain the Tate normal form of an elliptic curve with
P = (0,0) as follows:
E = E(b, c): y2 + (1− c)xy − by = x3 − bx2,
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tangent method:
P = (0,0),
2P = (b,bc),
3P = (c,b − c),
4P = (r(r − 1), r2(c − r + 1)); b = cr,
5P = (rs(s − 1), rs2(r − s)); c = s(r − 1),
6P =
(
s(r − 1)(r − s)
(s − 1)2 ,
s2(r − 1)2(rs − 2r + 1)
(s − 1)3
)
. (2)
In fact, the condition NP = O in E(b, c) gives a deﬁning equation for X1(N). For example, 11P = O
implies 5P = −6P , so
x5P = x−6P = x6P ,
where xnP denotes the x-coordinate of the n-multiple nP of P . Eq. (2) implies that
rs(s − 1) = s(r − 1)(r − s)
(s − 1)2 . (3)
Without loss of generality, the cases s = 1 and s = 0 may be excluded. Then Eq. (3) becomes as
follows:
r2 − 4sr + 3s2r − s3r + s = 0,
which is one of the equation X1(11), called the raw form of X1(11). By the coordinate changes s =
v/u + 1 and r = v + 1, we get the following equation:
v2 + v = u3 − u2. (4)
3. Construction of elliptic curves by 2-divisibility method
In this section we construct families of elliptic curves with the torsion structure Z/NZ (N = 20,24)
over quartic number ﬁelds by using 2-divisibility method.
Now we explain 2-divisibility method. Let E be an elliptic curve over a number ﬁeld k deﬁned by
the following equation:
E: y2 + (1− c)xy − by = x3 − bx2.
Suppose the point P = (0,0) is of order N . By the coordinate changes x → x and y → y + c−12 x + b2 ,
E is changed to the following form:
y2 = x3 + (c − 1)
2 − 4b
x2 + b(c − 1) x+ b
2
. (5)
4 2 4
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y2 = x3 + Ax2 + Bx+ C, (6)
where A = (c−1)2−4b4 , B = b(c−1)2 , and C = b
2
4 . Then (0,− b2 ) is a k-rational N-torsion point of the
curve in Eq. (6).
Now consider a point (x1, y1) with 2(x1, y1) = (0,− b2 ). Take y =mx+ b2 as the line through (0, b2 )
tangent at the unknown point (x1, y1). Then the three roots of
x3 + Ax2 + Bx+ C −
(
mx+ b
2
)2
(7)
are 0, x1 and x1, i.e., x1 is a double root of Eq. (7). Thus
x3 + Ax2 + Bx+ C − (mx+ b2 )2
x
= (x− x1)2,
and hence the discriminant of
x2 + (A −m2)x+ (B − bm) (8)
is equal to 0, i.e., m satisﬁes the following quartic equation:
(
A − X2)2 − 4(B − bX) = 0. (9)
Let K be a quartic extension ﬁeld of k containing a root m0 of Eq. (9). Then
x1 = m
2
0 − A
2
is a double root of Eq. (8) and hence also of Eq. (7). Consequently 2(x1,m0x1 + b2 ) = (0,− b2 ). In other
words, (x1, y1) is a K -rational 2N-torsion point of E where y1 = m0x1 + b2 . Therefore we have the
following result:
Theorem 3.1. Let E be an elliptic curve over a number ﬁeld k with a k-rational N-torsion point P . Then E has
a K -rational 2N-torsion point Q , where K is a quartic extension ﬁeld of k.
Remark 3.2. In fact, the point Q can be deﬁned over a ﬁeld K where K is an extension ﬁeld of k of
degree less than or equal to 4 depending on the irreducibility of the polynomial in Eq. (9).
Let N = 20 or 24. Now suppose E is an elliptic curve deﬁned by the following equation:
y2 + (1− cN)xy − bN y = x3 − bNx2
where bN and cN are given in Table 1 with a rational number t . Then the point P = (0,0) is of
order N/2 [8]. Let Et be an elliptic curve deﬁned by the following equation:
y2 = x3 + Ax2 + Bx+ C,
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Polynomials fN (u, v) and coeﬃcients bN , cN .
N Polynomials fN (u, v) and coeﬃcients bN , cN
20 f20(u, v) = a4(u)v4 + a2(u)v2 + a1(u)v + a0(u), where
a4(u) = 16u8 − 192u7 + 928u6 − 2304u5 + 3120u4 − 2304u3 + 928u2 − 192u + 16
a2(u) = −32u10 + 320u9 − 1184u8 + 1920u7 − 1120u6 − 160u5 + 80u + 336u3 + 120u4 − 280u2 − 8
a1(u) = 128u9 − 960u8 + 2624u7 − 3264u6 + 1984u5 − 576u4 + 64u3
a0(u) = 16u12 − 128u11 + 448u10 − 896u9 + 1024u8 − 416u7 − 408u6 + 608u5 − 304u4 + 48u3 + 16u2 − 8u + 1
b20 = t3(2t2−3t+1)(t2−3t+1)2 , c20 = − t(2t
2−3t+1)
t2−3t+1
24 f24(u, v) = a4(u)v4 + a2(u)v2 + a1(u)v + a0(u), where
a4(u) = 16u12 − 192u11 + 1056u10 − 3520u9 + 7920u8 − 12672u7 + 14784u6 − 12672u5 + 7920u4 − 3520u3
+ 1056u2 − 192u + 16
a2(u) = 96u14 − 1536u13 + 9888u12 − 36192u11 + 86400u10 − 144096u9 + 174048u8 − 154656u7 + 100984u6
− 47472u5 + 15240u4 − 2912u3 + 168u2 + 48u − 8
a1(u) = 768u14 − 8064u13 + 39040u12 − 115520u11 + 233408u10 − 340544u9 + 369664u8 − 302720u7
+ 187264u6 − 86528u5 + 29056u4 − 6720u3 + 960u2 − 64u
a0(u) = 144u16 − 576u15 + 2112u14 − 9696u13 + 34016u12 − 82176u11 + 141936u10 − 181984u9 + 177240u8
− 132528u7 + 76096u6 − 33208u5 + 10760u4 − 2480u3 + 376u2 − 32u + 1
b24 = t(2t−1)(3t2−3t+1)(2t2−2t+1)(t−1)4 , c24 = − t(2t−1)(3t
2−3t+1)
(t−1)3
where A = (cN−1)2−4bN4 , B = bN (cN−1)2 , C =
b2N
4 . Then Eq. (9) becomes an equation of t and X . Simpli-
fying Eq. (9) in t and X variables as a fraction, we take its numerator part as fN (u, v) = 0, where
u, v are substitutes for t, X , respectively. Then each point of the curve deﬁned by fN (u, v) = 0 gives
an elliptic curve with N-torsion point, and hence fN (u, v) = 0 is a deﬁning equation of X1(N). We
note that fN (t, v) = 0 is irreducible for almost all t ∈Q since Z/NZ cannot occur as a torsion group
of elliptic curves over Q and quadratic number ﬁelds. Therefore we have the following result:
Theorem3.3. Let N = 20 or 24, and fN (u, v) be given in Table 1. Choose t ∈Q such that fN (t, v) is irreducible
over Q, and let mt be a zero of fN(t, v). Let Et be an elliptic curve deﬁned by the following equation:
y2 = x3 + Ax2 + Bx+ C,
where A = (cN−1)2−4bN4 , B = bN (cN−1)2 , C =
b2N
4 with bN and cN given in Table 1. Then, for almost all t, the
torsion subgroup of Et over a quartic number ﬁeld K = Q(mt) is equal to Z/NZ and Qt = (x1, y1) is of
order N where x1 = m
2
t −A
2 and y1 =mtx1 + bN2 .
Remark 3.4. Since the equation f24(u, v) = 0 is a deﬁning equation of X1(24) and it is a degree 4 in
the v-variable, it is an optimal form, which was the missing case in Sutherland’s work [12].
4. Galois group structures associated to the deﬁning ﬁeld of the constructed elliptic curves
In the previous section, we ﬁnd the inﬁnite families of elliptic curves with torsion group structures
Z/20Z or Z/24Z over quartic number ﬁelds K . In this section, we prove that for the Galois closure L
of K over Q the Galois group Gal(L/Q) is isomorphic to the Dihedral group D4 of order 8.
We recall the following well-known theorem [7, Theorem 4.2] which provides us with the condi-
tion for the divisibility of a given point on E by 2.
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y2 = (x− α)(x− β)(x− γ )
with α,β,γ in k. For (x2, y2) in E(k) there exists (x1, y1) in E(k) such that 2(x1, y1) = (x2, y2) if and only if
x2 − α, x2 − β and x2 − γ are squares in k.
Suppose N = 20 or 24. Let Et be the elliptic curve and Qt = (x1, y1) be an N-torsion point deﬁned
in Theorem 3.3. Then Q(x1, y1) is equal to the quartic number ﬁeld K =Q(mt).
Let α,β,γ be the three roots of x3 + Ax2 + Bx + C = 0. Then one of them must be rational; we
may assume that α is rational. We have Et : y2 = (x − α)(x − β)(x − γ ) with (α,0), (β,0), (γ ,0) of
order 2. Let L =Q(x1, y1,
√
dt), where dt is the discriminant of (x−β)(x−γ ). We will show that L is
the Galois closure of the deﬁning ﬁeld K of Et over Q. Since α,β,γ ∈ L and (0,−b/2) ∈ 2Et(L), from
Theorem 4.1, 0−α,0− β,0− γ are squares in L; equivalently, √−α,√−β,√−γ are contained in L.
Lemma 4.2. L is a Galois extension over Q of [L :Q] = 8.
Proof. Note that [L : Q] = 4 or 8. Suppose [L : Q] = 4, which implies that √dt ∈ K . So, we have
β,γ ∈ K , and this implies that Et(L) has full 2-torsion points, that is, the torsion group of Et(L)
contains Z2 × ZN . But, this is impossible since Z2 × ZN cannot occur as a torsion subgroup of an
elliptic curve over quartic number ﬁelds.
Now we show that L is Galois over Q. Assume that σ ∈ Gal(Q¯/Q). Then 2Q σt = (2Qt)σ = 2Qt ;
the ﬁrst equality is from the fact that the multiplication by 2 map is rational. We thus have 2(Q σt −
Qt) = O , which means that Q σt − Qt is of order 2; so Q σt ∈ Et(L). Since Qt = (x1, y1), we have
xσ1 , y
σ
1 ∈ L. Furthermore, we note that
√
dt
σ = ±√dt , and therefore
√
dt
σ ∈ L. It hence follows that
Lσ = L, that is, L is Galois over Q. 
Lemma 4.3. L is the Galois closure of the deﬁning ﬁeld K of Et over Q.
Proof. To show that L is the Galois closure of K of Et over Q, assume not, then K is a Galois ex-
tension of Q. For any σ ∈ Gal(Q¯/Q), we have Kσ = K . Since 2(Q σt − Qt) = O , we have Q σt = Qt or
Qt + R , where R := Q σt − Qt is a K -rational point of order 2. And, in fact, there is only one K -rational
point of order 2. But, since [K : Q] = 4, Qt has four conjugates Q σt , which is a contradiction. This
shows that L is the Galois closure of the deﬁning ﬁeld K of Et over Q. 
We note that the Galois group Gal(L/Q) is a 2-Sylow subgroup of S4 with order 8. Therefore,
Gal(L/Q) is isomorphic to the Dihedral group D4 of order 8. We therefore obtain the following theo-
rem.
Theorem 4.4. Let N = 20 or 24, and let all the notations be the same as in Theorem 3.3. Let Et be an elliptic
curve deﬁned over K = Q(mt) as in Theorem 3.3. Then for the Galois closure L of K over Q the Galois group
Gal(L/Q) is isomorphic to the Dihedral group D4 of order 8.
Remark 4.5. In Fig. 1 we present the diagram of all intermediate ﬁelds of L over Q. There are ﬁve
quartic number ﬁelds and three quadratic number ﬁelds for intermediate ﬁelds of L over Q. For
Fig. 1, we use the same notations as in the proof of Theorem 4.4, and x¯1 (resp. y¯1) denotes τ (x1)
(resp. τ (y1)), where τ is an embedding of Q(x1, y1) such that τ (
√−α) = −√−α.
We ﬁrst note that for the Galois closure L of K over Q we have L = Q(√−α,√−β,√−γ ). For
Fig. 1, it suﬃces to justify that Q(
√−α) is contained in Q(x1, y1). Let y =mtx+ b2 be the line tangent
to the elliptic curve Et at Q . Following the procedure of the 2-divisibility method in Section 3, the
three roots of (x− α)(x− β)(x− γ ) − (mtx+ b2 )2 are 0, x1 and x1 (that is, x1 is a double root), so we
have (x − α)(x − β)(x − γ ) − (mtx + b2 )2 = x(x − x1)2. Substitution x = α in the last equation yields
122 D. Jeon et al. / Journal of Number Theory 133 (2013) 115–122Fig. 1. Intermediate ﬁelds of L over Q.
−(mtα + b2 )2 = α(α − x1)2. Solving the last equation for −α, we have −α =
(mtα+ b2 )2
(α−x1)2 , and therefore√−α = mtα+ b2α−x1 =
y1
α−x1 ; and this shows that
√−α is contained in K . It thus follows that Q(√−α) is
contained in K as asserted.
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